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AN EXTREMAL EIGENVALUE PROBLEM IN K ¨AHLER GEOMETRY
VESTISLAV APOSTOLOV, DMITRY JAKOBSON, AND GERASIM KOKAREV
Dedicated to Professor Paul Gauduchon on the occasion of his 70’th birthday.
ABSTRACT. We study Laplace eigenvalues λk on Ka¨hler manifolds as functionals on the space
of Ka¨hler metrics with cohomologous Ka¨hler forms. We introduce a natural notion of a λk-
extremal Ka¨hler metric and obtain necessary and sufficient conditions for it. A particular atten-
tion is paid to the λ1-extremal properties of Ka¨hler-Einstein metrics of positive scalar curvature
on manifolds with non-trivial holomorphic vector fields.
1. INTRODUCTION
1.1. Motivation. Let M be a closed manifold. For a Riemannian metric g on M we denote by
0 = λ0(g)< λ1(g)6 λ2(g) 6 . . .6 λk(g)6 . . .
the eigenvalues of the Laplace-Beltrami operator ∆g repeated according to their multiplicity. In
real dimension 2, by classical results of Hersch [23], Yang and Yau [43], and Li and Yau [32],
the first eigenvalue λ1(g) is bounded when the Riemannian metric g ranges over metrics of
fixed volume. A basic question is: for a given conformal class c on M, is there a metric that
maximizes λ1(g) among metrics g ∈ c with vol(M,g) = 1? What are its properties? When M is
a sphere or a projective plane, the answers go back to the classical results of Hersch [23] and Li
and Yau [32]. For higher genus surfaces this circle of questions have been studied extensively
in the last decades, see [14, 15, 16, 24, 25, 34] and the most recent papers [31, 35, 36].
In particular, Nadirashvili and Sire [35], developing earlier ideas by Nadirashvili [34], have
stated an existence theorem for λ1-maximizers in conformal classes along with an outlined
proof. This statement has been improved by Petrides [36], who has also given a rigorous ar-
gument for it, using previous work [19, 31]. Mention that the λ1-maximizers given by the above
existence theorems may have conical singularities, and can be described as metrics that admit
harmonic maps into round spheres by their first eigenfunctions. The latter statement actually
holds for arbitrary λ1-maximizers (and even λk-extremals for any k > 1) with conical singulari-
ties, see [31], where many more general statements in this direction have been proven. Besides,
the combination of [36, Theorem 1] and [31, Theorem E1] shows that the set of all conformal
C∞-metrics with conical singularities that maximize λ1 is compact, see also [30].
1.2. Eigenvalue problems on Ka¨hler manifolds. The purpose of this paper is to describe an
extremal eigenvalue problem in higher dimensions on a Ka¨hler manifold (M,J,g,ω), which
generalizes the above extremal problem on Riemannian surfaces. Here we view the eigenvalue
λk(g) as a functional on the space KΩ(M,J) that is formed by Ka¨hler metrics g whose Ka¨hler
forms ω represent a given de Rham cohomology class Ω. When (M,J,g) is a Riemannian sur-
face with a volume form ω , the space K[ω ](M,J) is precisely the set of metrics of a fixed area
2010 Mathematics Subject Classification. 49R05,35P99,53C55,32Q20.
Key words and phrases. Laplacian eigenvalues, extremal metric, Ka¨hler manifold, Ka¨hler-Einstein manifold.
1
2 VESTISLAV APOSTOLOV, DMITRY JAKOBSON, AND GERASIM KOKAREV
that are conformal to g, see the discussion in Sect. 2. By classical work due to Bourguignon, Li,
and Yau [9], the first eigenvalue λ1(g) is bounded on KΩ(M,J) when (M,J) is projective and
the de Rham class Ω belongs to H2(M,Q). The eigenvalue bound in [9] shows that the Fubini-
Study metric on CPm is a λ1-maximizer in its Ka¨hler class. Recently, these results have been
generalized by Arezzo, Ghigi, and Loi [6] to more general Ka¨hler manifolds that admit holo-
morphic stable vector bundles over M with sufficiently many sections. In particular, they show
that the symmetric Ka¨hler-Einstein metrics on the Grassmannian spaces are also λ1-maximizers
in their Ka¨hler classes. Moreover, as is shown in [8], so are symmetric Ka¨hler-Einstein metrics
on Hermitian symmetric spaces of compact type. These results motivate a further investigation
of spectral geometry of Ka¨hler-Einstein metrics of positive scalar curvature; see [10, 41] for the
general existence theory of such metrics.
Following the ideas in [34, 17] for other extremal eigenvalue problems, we introduce the
notion of a λk-extremal Ka¨hler metric under the deformations in its Ka¨hler class. The class of
such extremal metrics contains λk-maximizers in KΩ(M,J). We assume that the metrics under
consideration are always smooth, and show that for a λk-extremal Ka¨hler metric there exists a
collection of non-trivial λk-eigenfunctions f1, . . . , fℓ such that
λ 2k
( ℓ
∑
i=1
f 2i
)
−2λk
( ℓ
∑
i=1
|∇ fi|2
)
+
ℓ
∑
i=1
|ddc fi|2 = 0.
For the first eigenvalue the latter hypothesis is also sufficient for a metric to be λ1-extremal. This
statement shows that for a λk-extremal Ka¨hler metric g the eigenvalue λk(g) is always multiple
(Corollary 2.2), and allows to produce examples of λ1-extremal metrics as products.
We proceed with considering in more detail the case when (M,J) is a complex Fano manifold
with non-trivial holomorphic vector fields. Recall that, by a classical result of Matsushima [33],
for a Ka¨hler-Einstein metric g on (M,J) the λ1-eigenfunctions are potentials of Killing vector
fields. Using this fact, we show that a Ka¨hler-Einstein metric g is λ1-extremal if and only if
there exist non-trivial Killing potentials f1, . . . , fℓ such that the function ∑ f 2i is also a Killing
potential. As an application, we conclude that a toric Fano Ka¨hler-Einstein manifold whose
connected group of automorphisms is a torus is not λ1-extremal. For example, so is a Ka¨hler-
Einstein metric on CP2 blown up at three points in a generic position, see [39, 40]. As another
example, we show that Ka¨hler-Einstein manifolds different from CPm that admit hamiltonian 2-
forms of order > 1 are also never λ1-extremal. This conclusion applies to the non-homogeneous
Ka¨hler-Einstein metrics from [27, 28, 29].
2. AN EXTREMAL EIGENVALUE PROBLEM
2.1. Statement of the problem. Let (M,g,J,ω) be a compact Ka¨hler manifold of real di-
mension n = 2m. Recall that due to the ∂ ¯∂ -lemma any Ka¨hler metric g˜ whose Ka¨hler form
ω˜(·, ·) = g˜(J·, ·) is co-homologous to ω has the form ω +ddcϕ , where dc = JdJ−1 = i(∂ − ¯∂ )
and the action of J on the cotangent bundle is defined via the duality with respect to g. The
smooth function ϕ above is determined uniquely by the condition∫
M
ϕvg = 0,
where vg = ωm/m! is the Riemannian volume form on M. By KΩ(M,J) we denote the space of
Ka¨hler metrics on (M,J) whose Ka¨hler forms represent a given de Rham cohomology class Ω.
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For a representative Ka¨hler form ω it can be identified with the space of functions
{ϕ ∈C∞(M) : ω +ddcϕ > 0,
∫
M
ϕvg = 0}.
Besides, for any function ϕ with a zero mean-value there exists ε > 0 such that ω + tddcϕ ∈
KΩ(M,J) for all |t|< ε , and the space C∞0 (M), formed by such functions ϕ , can be thought as
the tangent space at g ∈KΩ(M,J).
For a Ka¨hler metric g on (M,J) we denote by
0 = λ0(g)< λ1(g)6 λ2(g) 6 . . .6 λk(g)6 . . .
the eigenvalues of the Laplace–Beltrami operator ∆g = δd acting on functions, where δ is the
L2-adjoint of the exterior derivative d with respect to g. Recall that due to the standard Kato–
Rellich perturbation theory the functions t 7→ λk(gt) have left and right derivatives for analytic
deformations gt . We view the eigenvalues λk(g) as functionals on the space KΩ(M,J) and
introduce the following definition.
Definition 2.1. A Ka¨hler metric g ∈KΩ(M,J) is called λk-extremal, if for any analytical defor-
mation gt ∈KΩ(M,J) with g0 = g the following relation holds
(2.1) ddt
∣∣∣∣
t=0−
λk(gt) ·
d
dt
∣∣∣∣
t=0+
λk(gt)6 0.
It is straightforward to see that a Ka¨hler metric is λk-extremal if and only if either the inequal-
ity
λk(gt)6 λk(g)+o(t) as t → 0,
or the inequality
λk(gt)> λk(g)+o(t) as t → 0
occurs. In particular, we see that any λk-maximizer in KΩ(M,J) is λk-extremal. The following
two remarks are consequences of the results in [17]. First, for the first eigenvalue only the first
of the above inequalities may occur. Second, for a deformation ωt = ω + ddcϕt the validity
or the failure of relation (2.1) depends only on the function ϕ˙ = (d/dt)|t=0ϕt , and hence, in
Definition 2.1 we may consider only deformations with ϕt = tϕ , where ϕ ∈C∞0 (M).
In the sequel we use the fourth order differential operator L( f ) defined as δ cδ ( f ddc f ), where
δ and δ c stand for the L2-adjoints of d and dc respectively. Recall that they satisfy the relations
δψ =−
2m
∑
i=1
ıei(Deiψ) and δ cψ =−
2m
∑
i=1
ıJei(Dei ψ),
where D is the Levi-Civita connection of g, and {e1,Je1, . . . ,em,Jem} is a J-adapted orthonormal
frame. We then calculate
(2.2) L( f ) = δ c
(
− (ddc f )(d f ♯, ·)+ f dcδd f
)
=
2m
∑
i=1
ıJei (Deidd
c f )(d f ♯, ·)−
2m
∑
i=1
(ıJei(ddc f )(Dei d f ♯), ·)+ f δ cdcδd f − (d f ,d∆ f )
= (δ cddc f ,d f )+ (ddc f ,ddc f )+ f ∆2g f − (∆d f ,d f )
= (ddc f ,ddc f )+ f ∆2g f −2(∆d f ,d f ),
where we used the facts that ddc f is J-invariant and that J commutes with D and ∆g (when
acting on 1-forms), as well as the standard Ka¨hler identities between the operators d, dc, δ , δ c,
and ∆g.
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The proof of the following statement is close in the spirit to the arguments in [34, 17] and is
given at the end of the section.
Theorem 2.1. Let g ∈ KΩ(M,J) be a λk-extremal Ka¨hler metric. Then there exists a finite
collection f1, . . . , fℓ of non-trivial eigenfunctions corresponding to λk(g) such that
(2.3)
ℓ
∑
i=1
L( fi) = λ 2k
( ℓ
∑
i=1
f 2i
)
−2λk
( ℓ
∑
i=1
|∇ fi|2
)
+
ℓ
∑
i=1
|ddc fi|2 = 0.
For k = 1 the existence of such a collection of eigenfunctions is sufficient for a Ka¨hler metric g
to be λ1-extremal.
Denote by Ek = Ek(g) the eigenspace formed by eigenfunctions corresponding to the eigen-
value λk(g). The operator L restricted to Ek takes the form
L( f ) = λ 2k f 2−2λk |∇ f |2 + |ddc f |2 .
Considering maximal and minimal values of a function f ∈ Ek, it is straightforward to see that
it has a trivial kernel. Thus, we obtain the following corollary.
Corollary 2.2. Let g ∈KΩ(M,J) be a λk-extremal Ka¨hler metric. Then the eigenvalue λk(g) is
multiple.
As another consequence of Theorem 2.1, we see that the notion of λ1-extremality behaves
well under products.
Corollary 2.3. Let g ∈KΩ(M) be a λ1-extremal Ka¨hler metric on (M,J). Then for any Ka¨hler
metric g′ on (M′,J′) such that λ1(g′) > λ1(g) the product metric g× g′ is λ1-extremal along
deformations in its Ka¨hler class on (M,J)× (M′,J′).
Mention that the hypothesis λ1(g′) > λ1(g) in the corollary above always holds after an ap-
propriate scaling of either of the metrics.
2.2. Discussion and basic examples. We proceed with considering the case when m = 1, that
is when M is an oriented Riemann surface. Let g be a Riemannian metric and ω = vg be its
volume form. It is straightforward to see that for any smooth function ϕ ∈C∞(M) the hypothesis
ω +ddcϕ > 0 holds if and only if 1−∆gϕ > 0. Thus, the space K[ω ](M,J) can be defined as
K[ω ](M,J) = {ϕ ∈C∞(M) : 1−∆gϕ > 0,
∫
M
ϕvg = 0}.
The following lemma is elementary; we state it for the convenience of references.
Lemma 2.4. Let (M,g) be a Riemannian surface, and ω be its volume form. Then the space
of Ka¨hler metrics in K[ω ](M,J) coincides with the space of Riemannian metrics g˜ that are
conformal to g and such that vol(M, g˜) = vol(M,g).
Proof. Let ϕ be a function from the above space K[ω ](M,J). Then the metric g˜ = (1−∆gϕ)g is
clearly has the same volume as the metric g. Conversely, for a given conformal metric g˜ = eσ g
of the same volume as g the equation
eσ = 1−∆gϕ
has a unique solution ϕ ∈C∞(M) with zero mean-value, see [21] for standard existence results
for solutions of elliptic equations. 
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As a consequence of the lemma above, we see that a Riemannian metric g on M is λk-extremal
in the sense of Definition 2.1 if and only if it is λk-extremal under volume preserving conformal
deformations. There have been constructed a number of examples of various λ1-extremal and
λ1-maximal metrics in the literature, and as is known [35, 36], every conformal class on a
closed surface contains a λ1-maximizer, which may have conical singularities. Thus, using
Corollary 2.3, we obtain a variety of examples of λ1-extremal Ka¨hler metrics by taking the
products of λ1-extremal Riemannian surfaces and Ka¨hler manifolds.
Recall that by [15, 17] for a metric g that is λk-extremal under the volume preserving confor-
mal deformations there exists a collection f1, . . . , fℓ of non-trivial λk-eigenfunctions such that
∑ f 2i = 1. When m = 1, we see that the latter condition coincides with the necessary condition
given by Theorem 2.1. Indeed, in this case, for a λk-eigenfuction f the operator L( f ) takes the
form
L( f ) = 2(λ 2k f 2−λk |∇ f |2),
where we used the identities (∆g f )ω =−ddc f and |ω |2 = 1. Now the relation
∆g(∑ f 2i ) = 2(λk ∑ f 2i −∑ |∇ fi|2) = λ−1k ∑L( fi)
implies the claim. More generally, in higher dimensions m > 2 the hypothesis ∑L( fi) = 0 in
Theorem 2.1 is equivalent to the relation
∆g(∑ f 2i ) = λ−1k m(m−1)(∑ddc fi∧ddc fi)∧ωm−2/ωm.
Here we used the fact that (∆g f )2 − |ddc f |2 = m(m− 1)ddc f ∧ ddc f ∧ωm−2/ωm, see iden-
tity (2.8) in the proof of Theorem 2.1 below.
2.3. Proof of Theorem 2.1. Below we use the conventions and basic identities from [7, Ch. 2];
in particular, |ω |2 = m and m ·ddc f ∧ωm−1 = (−∆g f )ωm. We start with the following lemma.
Lemma 2.5. Let g ∈ KΩ(M,J) be a λk-extremal Ka¨hler metric, and Ek be an eigenspace for
λk(g). Then for any function ϕ ∈C∞0 (M) the quadratic form
Qϕ( f ) =
∫
M
ϕL( f )vg
is indefinite on Ek. For k = 1 the hypothesis that the form Qϕ is indefinite for any ϕ ∈C∞0 (M) is
also sufficient for a Ka¨hler metric g to be λk-extremal.
Proof. For any ϕ ∈ C∞0 (M) consider the Ka¨hler deformation ωt = ω + tddcϕ , defined for a
sufficiently small |t|. By [17, Theorem 2.1] for a proof of the lemma it is sufficient to show that
the form Qϕ satisfies the relation
(2.4) Qϕ( f ) =
∫
M
f ( ˙∆ϕ f )vg,
where ˙∆ϕ f stands for the value (d/dt)|t=0(∆gt f ). First, we claim that the operator ˙∆ϕ satisfies
the identity
(2.5) ˙∆ϕ f = (ddc f ,ddcϕ).
Indeed, differentiating the relation
m ·ddc f ∧ωm−1t = (−∆gt f )ωmt ,
we obtain
(2.6) ddc f ∧ddcϕ ∧ωm−2/(m−2)! =
(
(∆g f )(∆gϕ)− ˙∆ϕ f
)
ωm/m!.
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Denote by ∧1,1(M) the bundle of real (1,1)-forms on the manifold (M,J), that is 2-forms ψ
such that ψ(J·,J·) = ψ(·, ·). For a given Ka¨hler metric (g,ω) on (M,J), it decomposes as a
direct g-orthogonal sum
(2.7) ∧1,1 (M) = Rω ⊕∧1,10 (M)
of the irreducible U(m)-invariant subspaces of (1,1)-forms proportional to ω and primitive
(trace-free) (1,1)-forms, respectively. Let us consider the symmetric U(m)-invariant bilinear
form on ∧1,1(M) defined as
q(φ ,ψ) = (trωφ)(trωψ)− φ ∧ψ ∧ (ω
m−2/(m−2)!)
ωm/m! ,
where
trωψ = (ψ ,ω)g =
ψ ∧ (ωm−1/(m−1)!)
ωm/m! .
Since the form q(·, ·) leaves the two irreducible factors in the decomposition (2.7) orthogonal,
by the Schu¨r lemma we conclude that it is proportional to the induced Euclidean product (·, ·)g
on each factor in (2.7). Evaluating q(ω ,ω) and q(ψ0,ψ0) with ψ = α ∧Jα for a unitary 1-form
α , we see that in fact the form q(·, ·) coincides with (·, ·)g, that is
(2.8) (trω φ)(trωψ)− φ ∧ψ ∧ (ω
m−2/(m−2)!)
ωm/m!
= (φ ,ψ)g.
Now combining the last relation with (2.6), we obtain identity (2.5). Using the latter we have
Qϕ( f ) =
∫
M
ϕL( f )vg =
∫
M
f (ddc f ,ddcϕ)vg =
∫
M
f ( ˙∆ϕ f )vg,
and thus, obtain relation (2.4). 
By Lemma 2.5, in order to prove the theorem it is sufficient to show that the quadratic form
Qϕ( f ) is indefinite on Ek if and only if there exists a collection of eigenfunctions f1, . . . , fℓ ∈ Ek
such that
(2.9)
ℓ
∑
i=1
L( fi) = 0 and
ℓ
∑
i=1
∫
M
f 2i vg = 1.
Consider the convex subset
K =
{
∑
i
L( fi) : fi ∈ Ek,∑
i
∫
M
f 2i vg = 1
}
in the space L2(M). We are going to show that the form Qϕ( f ) is indefinite if and only if 0 ∈ K.
Suppose that Qϕ( f ) is indefinite for any ϕ ∈ C∞0 (M) and 0 /∈ K. Then by the Hahn–Banach
separation theorem there exists a function ψ ∈ L2(M) and ε > 0 such that∫
M
ψuvg > ε > 0 for any u ∈ K.
Since the set K lies in a finite-dimensional subspace, then choosing ε > 0 smaller, if necessary,
by approximation we may assume that the function ψ belongs to C∞(M). Define ψ0 as the zero
mean-value part of ψ , that is
ψ0 = ψ −
1
vol(M,g)
∫
M
ψvg.
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Since the operator L( f ) takes values among zero mean-value functions, we obtain
Qψ0( f ) =
∫
M
ψ0L( f )vg =
∫
M
ψL( f )vg > 0
for any non-trivial f ∈ Ek. Thus, we arrive at a contradiction with the assumption that the form
Qϕ is indefinite for any ϕ ∈C∞0 (M).
Conversely, given a collection f1, . . . , fℓ ∈ Ek that satisfy relationships (2.9), we have
ℓ
∑
i=1
Qϕ( fi) =
∫
M
ϕ
(
ℓ
∑
i=1
L( fi)
)
vg = 0.
Thus, the quadratic form Qϕ( f ) is indeed indefinite for any ϕ ∈C∞0 (M). 
3. KA¨HLER–EINSTEIN MANIFOLDS WITH A NON-TRIVIAL AUTOMORPHISM GROUP
We now specialize the considerations to the case when (g,J,ω) is a Ka¨hler–Einstein manifold
with positive scalar curvature, that is the Ricci form ρ is a positive constant multiple of the
Ka¨hler form ω . Rescaling the metric, we may assume that ρ = ω , or equivalently, the Ka¨hler
class is Ω = 2pic1(M,J). Under this assumption, the scalar curvature Scalg equals 2m.
Since the manifold (M,J) is Fano, by [26, 44] it is simply-connected. In particular, the first
de Rham cohomology group vanishes, and hence, any real holomorphic vector field X can be
uniquely written in the form
X = gradghX + Jgradg fX ,
where hX and fX are smooth functions with zero mean-values, see [7, Cor. 2.126] for details.
The complex-valued function hX + i fX is called the holomorphy potential of X . For a Killing
vector field Y , the above decomposition reduces to
Y = Jgradg fY ,
and the corresponding function fY ∈C∞0 (M) is called the Killing potential of Y . The following
statement is due to Matsushima [33], see also [20, Ch. 3].
Proposition 3.1. Let (M,g,J,ω) be a compact Ka¨hler–Einstein manifold with scalar curvature
Scalg = 2m. Then the Lie algebra h(M) of real holomorphic vector fields on (M,J) decomposes
as the direct sum
h(M) = k(M,g)⊕ Jk(M,g),
where k(M,g) is the sub-algebra of Killing vector fields for g. Moreover, the algebra k(M,g) is
Lie algebra isomorphic to the space
E1(g) = { f ∈C∞0 (M) : ∆g( f ) = 2 f}
equipped with the Poisson bracket of functions with respect to ω , via the map f → Jgradg f .
Furthermore, the first eigenvalue satisfies the inequality λ1(g) > 2.
As a consequence of the proposition above, we see that λ1(g) = 2 if and only if the connected
component of the identity Aut0(M,J) of the group of biholomorphic automorphisms of (M,J)
is non-trivial. In this case, we have the following statement.
Theorem 3.2. Let (M,g,J,ω) be a compact Ka¨hler–Einstein manifold with scalar curvature
Scalg = 2m, and suppose that the connected component Aut0(M,J) of the automorphism group
is non-trivial. Then the metric g is λ1-extremal in Ω = 2pic1(M,J) if and only if there exist
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non-trivial λ1-eigenfunctions f1, . . . , fℓ such that the zero mean-value part of the sum ∑ℓi=1 f 2i is
a (possibly trivial) λ1-eigenfunction, that is
(3.1)
ℓ
∑
i=1
f 2i −
1
vol(M,g)
∫
M
(
ℓ
∑
i=1
f 2i )vg ∈ E1(g).
Proof. We show that the necessary and sufficient condition in Theorem 2.1 is equivalent to
relation (3.1). First, note that by Proposition 3.1, we have λ1(g) = 2, and any eigenfunction
f ∈ E1(g) is a Killing potential. In particular, the form dc f is dual to a Killing vector field,
and therefore Ddc f = (1/2)ddc f . Thus, using the standard identity D∗D |T |2 = 2(D∗DT, T )−
2(DT,DT ) for a tensor field T , we obtain
∆g |d f |2 = D∗D(dc f ,dc f ) = 2
(
(D∗D(dc f ),dc f )− (D(dc f ),D(dc f ))
)
= (δd dc f ,dc f )− (ddc f ,ddc f ) = (∆gdc f ,dc f )− (ddc f ,ddc f )
= 2 |d f |2−|ddc f |2 .
Above we also used the relation ∆gd f c = 2d f c and the fact that the tensor norm of ddc f is twice
its norm as a differential 2-form. On the other hand, we clearly have
(3.2) ∆g f 2 = 2 f ∆g f −2 |d f |2 = 4 f 2 −2 |d f |2 .
Combining the last two relations, for any eigenfunction f ∈ E1(g) we obtain
(3.3) ∆g
(
f 2−|d f |2
)
= 4 f 2 −4 |d f |2 + |ddc f |2 .
Now comparing (3.3) with the relation ∑L( fi) = 0 in Theorem 2.1, we conclude that the metric
g is λ1-extremal if and only if there exist { f1, . . . , fℓ} ∈ E1(g) such that
(3.4)
ℓ
∑
i=1
( f 2i −|d fi|2) = c
for some constant c. Integrating the last relation, we see that the constant c is minus the mean-
value of the sum ∑ℓi=1 f 2i . Setting f0 := ∑ℓi=1 f 2i + c, and using (3.2), we further obtain
∆g f0 =
ℓ
∑
i=1
(
4 f 2i −2 |d fi|2
)
= 2 f0 +2
( ℓ
∑
i=1
( f 2i −|d fi|2)− c
)
= 2 f0.
(3.5)
Thus, relation (3.4) is in turn equivalent to the hypothesis that there exist non-trivial f1, . . . , fℓ ∈
E1(g) such that the zero mean-value part f0 of the sum ∑ℓi=1 f 2i is a λ1-eigenfunction itself. 
Theorem 3.2 is a useful criterion for verifying whether the Ka¨hler–Einstein metric on (M,J)
is λ1-extremal in 2pic1(M,J). We demonstrate this in the corollaries below.
Corollary 3.3. Let (M,g,J,ω) be a compact homogeneous Ka¨hler–Einstein manifold. Then the
metric g is a λ1-extremal metric within its Ka¨hler class.
Proof. Let { f1, . . . , fℓ} be an orthonormal basis of E1(g) with respect to the L2-global product
〈·, ·〉g induced by g. The group of Ka¨hler isometries G of (M,g,J,ω) acts isometrically on the
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space (E1(g),〈·, ·〉g). It follows that the function
f =
ℓ
∑
i=1
f 2i
is G-invariant, and since G acts transitively on M, is constant. 
As another application, we consider toric Ka¨hler–Einstein manifolds which have been studied
in many places, see [1, 13, 22, 42], and for which the existence theory takes a fairly concrete
shape.
Corollary 3.4. Let (M,g,J,ω) be a compact Ka¨hler–Einstein manifold of real dimension 2m
whose connected identity component Aut0(M,J) of the automorphism group is the complexifi-
cation of an m-dimensional real torus. Then the metric g is not λ1-extremal.
Proof. The assumption on Aut0(M,J) implies that (M,g,J,ω) is a toric Ka¨hler–Einstein metric
in the sense of [1, 13, 22, 42]. Indeed, by Proposition 3.1, the connected component of the
isometry group of the Ka¨hler–Einstein metric is a maximal connected compact subgroup of
Aut0(M,J). In our case, by assumption, it must be a real m-dimensional torus T . The latter
acts in a hamiltonian way (as any induced vector field is individually hamiltonian because M
is simply-connected, and T is abelian), and by Delzant theorem [12], the momentum map µ :
M → t∗ sends M onto a compact convex polytope in the dual vector space t∗ of the Lie algebra
t= Lie(T ). By Proposition 3.1 the pullback f = (u,µ)+λ to M of an affine function (u,x)+λ
on t∗, where u ∈ t and λ ∈ R, defines an element in E1(g)⊕R. Conversely, all elements of
E1(g)⊕R are of this form, again by Proposition 3.1 and our assumption for Aut0(M,J).
Suppose that the metric g is λ1-extremal. Then, by Theorem 3.2, there exist non-trivial
eigenfunctions fi = (ui,µ)+λi such that the sum ∑ℓi=1 f 2i is the pull-back f = (u,µ)+λ of an
affine function (u,x)+λ on t∗. It follows that
ℓ
∑
i=1
(
(ui,x)+λi
)2
= (u,x)+λ ,
which implies ui = 0 for any i, and hence, fi = λi is constant for any i. Thus, we arrive at a
contradiction with the hypothesis that the fi’s are non-trivial. 
The above corollary, for instance, shows that the Ka¨hler–Einstein metric on CP2 blown-up at
three points in general position (see [39, 40]) is not λ1-extremal, and in particular, can not be a
maximizer for λ1 in its Ka¨hler class.
As a final example, we consider non-homogeneous Ka¨hler–Einstein metrics on projective
bundles over the product of compact Ka¨hler–Einstein manifolds with positive scalar curvatures
that have been found and studied by Koiso and Sakane [27, 28, 29, 38], see also [4, 11, 37] for
alternative treatments. It is convenient to use the characterization from [4] saying that these are
Ka¨hler–Einstein metrics admitting a Hamiltonian 2-form of order 1, in the sense of the theory
in [2, 3]. We can then prove the following statement.
Corollary 3.5. Let (M,g,J,ω) be a compact Ka¨hler–Einstein manifold that is different from
CPm and which admits a Hamiltonian 2-form of order> 1. Then the metric g is not λ1-extremal.
Proof. As follows from the theory in [2, 3], a Hamiltonian 2-form φ on (M,g,J,ω) gives rise
to an ℓ-dimensional (real) torus T in the connected component I0(M,g) of the isometry group
of (g,J,ω), where ℓ > 1 is the order of φ . By the general classification [3, Thm. 5] and [2,
Prop. 16], the corresponding moment map µ : M → t∗ sends M to a Delzant simplex in the dual
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vector space of t=Lie(T ). Since M is simply connected by the Ka¨hler–Einstein assumption (see
[4, Sec. 2.1] for the refinement in this case) and (M,J) ≇ CPm, we conclude that (M,J) is the
total space of a holomorphic projective bundle P(E0 ⊕E1 ⊕·· ·⊕Eℓ)→ S over the product S =
∏ j S j of Ka¨hler–Einstein manifolds (S j,g j,J j,ω j), where Ei are projectively-flat holomorphic
vector bundles over S, satisfying certain topological conditions. Moreover, the metric g on M is
obtained by the generalized Calabi construction associated to this bundle, see [5] for a detailed
treatment of this class of metrics, but the existence of a Hamiltonian 2-form of order ℓ≥ 2 is a
more restrictive condition for the metric (and the bundles).
To describe the eigenspace E1 corresponding to λ1(g), we first show that the torus T lies in the
centre of I0(M,g). By the general theory in [2, 3], the torus T is generated by the Hamiltonian
vector fields corresponding to the elementary symmetric functions of the m-eigenvalues of the
Hamiltonian form φ viewed as a Hermitian operator via the Ka¨hler form ω . Thus, it is sufficient
to show that φ is invariant under any isometry Φ ∈ I0(M,g). As shown in [18], when (M,J) ≇
CPm any other Hamiltonian 2-form ˜φ on (M,g,J,ω) must be a linear combination of φ and
ω . Since the property of being Hamiltonian is preserved by Ka¨hler isometries, we see that
˜φ = Φ∗(φ) = aω +bφ for some constants a,b. In addition, we also have
trω(φ) = trω ˜φ = am+btrω φ .
As a Hamiltonian 2-form of order ℓ ≥ 1, φ cannot have a constant trace (otherwise it must be
parallel by its very definition, and thus of order ℓ = 0, see [2]), and we obtain that a = 0 and
b = 1; in other words, Φ∗(φ) = φ .
Denote by i(M,g) the Lie algebra of I0(M,g). Since M is Fano, it is simply connected, and
we may identify i(M,g) with the space of zero mean-value Killing potentials. It follows from
our previous argument that the centralizer of t in i(M,g) equals i(M,g), and we may use the
description of i(M,g) in [5, Lemma 5] in terms of the pullback metric on the T -equivariant
blow-up
ˆM = P
( ℓ⊕
k=0
O(−1)Ek
)
→ ˆS
of (M,J) along the sub-manifolds P(Ei)∼= CPri−1×S, where ri is the rank of Ei and
ˆS = P(E0)×S · · ·×S P(Eℓ)∼=
( ℓ
∏
i=0
CPri−1
)
×
(
∏
j
S j
)
is equipped with the product of the Ka¨hler–Einstein metrics on its factors. (Above we use the
facts that S is simply connected and the bundles Ei are projectively flat.) Note also that the
induced action of T on ˆM arises from the diagonal action on each fibre of
(⊕ℓ
k=0 O(−1)Ek
)
→
ˆS, so that ˆM has a structure of a toric CPℓ-bundle over ˆS, such that the pull-back of ω to ˆM
restricts to each fibre to define a T -invariant symplectic form on CPℓ whose momentum map is
the pull-back of µ to ˆM.
Denote by (Sα ,gα ,Jα ,ωα) a Ka¨hler-Einstein factor in the definition of ˆS , where α ranges
over the values of the i’s and j’s. As is shown in the proof of [5, Lemma 5], any Killing potential
f on (M,g,J,ω) when pulled-back to ˆM has the form
f = ∑
α
(
(uα ,µ)+λα
)
fα +
(
(u,µ)+λ
)
,
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where fα is the pull-back to ˆM of a Killing potential on Sα , u,uα ∈ t, and λ ,λα ∈ R. Here the
values uα ,λα are determined by (M,J). More precisely, the uα ’s can be expressed in terms of
the degrees of Ei over S j while the λα ’s are determined by the Ka¨hler class of ω .
By Theorem 3.2, the hypothesis that the metric g is λ1-extremal reduces to the relation
r
∑
n=1
(
∑
α
(
(uα ,µ)+λα
)
fα ,n +(un,µ)+λn
)2
= ∑
α
(
(uα ,µ)+λα
)
fα +(u,µ)+λ ,
where r > 2, and the functions
fn :=
(
∑
α
(
(uα ,µ)+λα
)
fα ,n +(un,µ)+λn
)
are non-constant. Restricting to aCPℓ fibre over ˆS, the argument from the proof of Corollary 3.4
shows that the following relations hold:
(3.6) ∑
α
uα fα ,n +un = 0, ∑
α
uα fα +u = 0,
where n = 1, . . . ,r is arbitrary. Here fα ,n and fβ ,n are the pullbacks of Killing potentials on Sα
and Sβ respectively, and hence, are functionally independent when α 6= β . Thus, we see that
uα fα ,n and uα fα are constant vectors in the Lie algebra t for any α . By the classification in [3,
Thm. 5], we get that uα 6= 0; relation (40) in [3] cannot vanish for each j. Hence, the potentials
fα ,n and fα are constant, and by the relations in (3.6), so are the functions
fn =
(
∑
α
(
(uα ,µ)+λα
)
fα ,n +(un,µ)+λn
)
= ∑
α
(
λα fα ,n
)
+λn.
Thus, we arrive at a contradiction. 
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